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We determine the possible gravitational wave polarizations in two general classes of teleparallel
gravity theories, using the metric and symmetric teleparallel geometries. For this purpose we apply
the Newman-Penrose formalism, and find that depending on the choice of parameters, the E(2) class
of the theories is one of N2,N3, III5, II6, corresponding to two to six polarizations, where all of them
include the two tensor polarizations known from general relativity. We also find classes of theories
apart from general relativity which yield the same polarizations.
I. INTRODUCTION
With the first joint observation of a binary black hole merger at LIGO and VIRGO it has become possible for the
first time to measure the polarization of gravitational waves [1]. While there are strong hints towards the existence
of two tensor polarizations, the existence of further modes cannot yet be fully excluded. With the advent of more
gravitational wave detectors, and the increasing statistics of such observations, one may expect more stringent bounds
on their existence, and thus gain another useful tool for testing gravity theories.
The idea to use gravitational wave polarizations as a method for testing gravity theories has been developed already
when the first attempts to observe gravitational waves have been taken. A very useful tool to describe the effect of
a gravitational wave is the Newman-Penrose formalism, which employs a double null basis of the tangent space to
describe the components of the Riemann tensor [2]. This formalism is at the heart of the E(2) classification scheme,
which classifies gravity theories by determining which polarizations are compatible with the field equations of the
theory [3, 4].
While the curvature of the Levi-Civita connection is carrying the gravitational interaction in the standard formula-
tion of general relativity and many of its extensions, there exist equivalent formulations of general relativity, in which
gravity is described by torsion [5–7] or non-metricity [8, 9], which allow for different extensions and modifications.
The aim of this article is to apply the Newman-Penrose formalism to two general classes of theories based on these
geometries, and to determine their E(2) classes.
We start with a brief review of the Newman-Penrose formalism and the E(2) classification of gravitational wave
polarizations in section II. We then apply this formalism to metric teleparallel gravity in section III and to symmetric
teleparallel gravity in section IV, in order to derive their E(2) classes. We end with a conclusion in section V.
Throughout this article Latin indices are Lorentz indices, while Greek indices are spacetime indices. Indices are raised
and lowered with the respective metrics ηab = diag(−1, 1, 1, 1) and gµν .
II. NEWMAN-PENROSE FORMALISM
We begin with a brief review of the Newman-Penrose formalism, where we use the notation and conventions of [10].
An important ingredient of this formalism is the assumption that a gravitational wave detector can be modeled as
an ensemble of test particles, which follow the geodesics of a metric gµν , and that the observable effect of the wave is
described by measuring the proper (geodesic) distance between different test particles. Under these assumptions the
observed distances evolve according to the geodesic deviation equation
uρ
◦
∇ρ
(
uσ
◦
∇σsµ
)
= −
◦
Rµρνσu
ρuσsν , (1)
where uµ is a vector field describing the tangent vectors to a congruence of geodesics, while sµ describes the distance
between nearby geodesics. Here we introduced the notation
◦
∇ for the covariant derivative of the Levi-Civita connection
of the metric gµν and
◦
Rµρνσ for its Riemann tensor. The crucial assumption that justifies the use of the Levi-Civita
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2connection here is that the matter constituting the test particles couples only to the metric and is not influenced by
other fields present in the theory.
The gravitational wave is modeled as a plane null wave describing a linear perturbation
gµν = ηµν + hµν , hµν = Hµνe
iωu , (2)
with perturbation parameter   1, amplitude Hµν and frequency ω propagating in the null direction u = x0 − x3.
One then introduces the complex double null basis
l = ∂0 + ∂3 , n =
1
2
(∂0 − ∂3) , m = 1√
2
(∂1 + i∂2) , m¯ =
1√
2
(∂1 − i∂2) . (3)
Note that not all components of the Riemann tensor are relevant for the geodesic deviation (1) of an ensemble of
point particles, but only the six “electric” components Rµρνσu
ρuσ obtained by a projection onto the timelike vector
uµ. An equivalent description of these components is given by replacing the timelike vector uµ with the null vector
nµ. In the basis (3), these components read
Ψ2 = −1
6
◦
Rnlnl =
1
12
h¨ll , Ψ3 = −1
2
◦
Rnlnm¯ = −1
2
◦
Rnlnm =
1
4
h¨lm¯ =
1
4
h¨lm , (4)
Ψ4 = −
◦
Rnm¯nm¯ = −
◦
Rnmnm =
1
2
h¨m¯m¯ =
1
2
h¨mm , Φ22 = −
◦
Rnmnm¯ =
1
2
h¨mm¯
for the wave we consider here.
We finally mention that under a change of coordinates which leaves the direction and frequency of the wave invariant,
these components form a representation of the Euclidean group. This fact has been used to derive a classification
scheme for gravity theories in terms of such representations, which denote the polarizations that are present in a
particular theory [3, 4], and which we employ in the following two sections to different classes of teleparallel gravity
theories.
III. TORSION TELEPARALLEL GRAVITY
We now apply the Newman-Penrose formalism to a class of teleparallel gravity theories developed in [11], which is
an extension of “new general relativity” [12], and in which torsion describes the gravitational interaction. We briefly
review the teleparallel geometry in section III A. The dynamics are defined in section III B. We derive the linearized
field equations in section III C. Finally, in section III D we determine the allowed polarizations of gravitational waves.
A more thorough discussion of gravitational waves in the linearized theory, including a discussion of their propagation
velocity, is given in [13].
A. Dynamical fields and geometry
The fundamental fields which define the teleparallel geometry are a tetrad θaµ and a flat Lorentz spin connection
ωabµ. A number of quantities are derived from these fields. We denote by ea
µ the inverse tetrad, which satisfies
θaµea
ν = δνµ and θ
a
µeb
µ = δab . One further defines a metric
gµν = ηabθ
a
µθ
b
ν , (5)
as well as an affine connection with coefficients
Γρµν = ea
ρ
(
∂νθ
a
µ + ω
a
bνθ
b
µ
)
. (6)
This connection is metric-compatible and flat,
∇ρgµν = 0 , ∂µΓρσν − ∂νΓρσµ + ΓρτµΓτ σν − ΓρτνΓτ σµ = 0 , (7)
but in general has non-vanishing torsion
T ρµν = Γ
ρ
νµ − Γρµν = eaρ
(
∂µθ
a
ν − ∂νθaµ + ωabµθbν − ωabνθbµ
)
. (8)
The condition (7) implies that the spin connection must be of the form ωabµ = Λ
a
c∂µΛb
c in order to have vanishing
curvature, where ηabΛ
a
cΛ
b
d = ηcd to ensure metric compatibility. We will henceforth assume these two properties
throughout this section.
3B. Action and field equations
We now come to the dynamical equations for the aforementioned fundamental field variables. These are derived
from an action of the form
S[θ, ω, χ] = Sg[θ, ω] + Sm[θ, χ] , (9)
where we have introduced a set χ of matter fields. We write the variation of the matter action Sm with respect to
the tetrad in the form
δθSm = −
∫
M
Θa
µδθaµ θ d
4x , (10)
where θ denotes the determinant of the tetrad and we introduced the energy-momentum tensor Θa
µ. We assume that
the matter action is invariant under local Lorentz transformations θaµ 7→ Λabθbµ of the tetrad, which then implies
that the energy-momentum tensor is symmetric, Θ[µν] = 0.
For the gravitational part Sg of the action we choose the form
Sg[θ, ω] =
1
2κ2
∫
M
F(T1, T2, T3)θ d4x , (11)
where the free function F depends on the three scalar quantities
T1 = TµνρTµνρ , T2 = TµνρTρνµ , T3 = TµµρTννρ (12)
which are quadratic in the torsion.
By variation of the total action (9) with respect to the tetrad we obtain the gravitational field equations
κ2Θµν =
1
2
Fgµν + 2
◦
∇ρ (F,1Tνµρ + F,2T[ρµ]ν + F,3Tσσ[ρgµ]ν)
+ F,1T ρσµ
(
Tνρσ − 2T[ρσ]ν
)− 1
2
F,3Tσσρ
(
T ρµν + 2T(µν)
ρ
)
+
1
2
F,2
[
Tµ
ρσ (2Tρσν − Tνρσ) + T ρσµ
(
2T[ρσ]ν − Tνρσ
)]
,
(13)
where we introduced the notation
F,i = ∂F
∂Ti , i = 1, 2, 3 , (14)
and already used the fact that Θµν is symmetric. The antisymmetric part of these field equations is identical to the
field equations obtained by variation with respect to the spin connection. Note that we must restrict ourselves to
variations of the form
δωabµ = ∂µυ
a
b + ω
a
cµυ
c
b − ωcbµυac (15)
with υ(ab) = 0, in order to preserve that ω is a flat Lorentz spin connection [14].
C. Perturbation ansatz and linearized field equations
The gravitational wave we describe here will be a linear perturbation around a fixed vacuum solution, and so we
will assume Θµν = 0. Assuming that the background solution is given by a Minkowski metric, expressed by a diagonal
tetrad and vanishing spin connection, we can write this perturbation as
θaµ = ∆
a
µ + τ
a
µ , ea
µ = (∆−1)aµ − τaµ , ωabµ = ∂µλab , (16)
where  is the perturbation parameter and λ(ab) = 0. Here we used the notation ∆aµ for the diagonal tetrad, which
in Cartesian coordinates has the components ∆aµ = diag(1, 1, 1, 1) = δ
a
µ. Using this ansatz the torsion tensor reads
T ρµν = 2(∆
−1)aρ
(
∂[µτ
a
ν] −∆b[ν∂µ]λab
)
+O(2) . (17)
4Employing the convention that Latin and Greek indices can be exchanged by making use of the tetrad, we can also
write the torsion in the form
T ρµν = 2
(
∂[µτ
ρ
ν] − ∂[µλρν]
)
+O(2) . (18)
We see that the torsion is already of linear order in the perturbations. The scalar quantities Ti are thus of quadratic
order O(2). From a Taylor expansion of the Lagrangian function F then follows that
F = F|Ti=0 +O(2) = F +O(2) , F,i = F,i|Ti=0 +O(2) = F,i +O(2) (19)
so that only the constant background value of F and its derivative contribute to the linearized field equations. We
denote these constant background values by F and F,i, respectively. Finally, up to the required perturbation orders
the metric and its Levi-Civita connection can be written as
gµν = ηµν + 2τ(µν) +O(2) ,
◦
∇µ = ∂µ +O() . (20)
Inserting these expansions into the field equations (13) we find that at the zeroth order they reduce to Fηµν = 0.
For consistency we therefore assume F = 0, i.e., we neglect the presence of a cosmological constant. Introducing the
notation sµν = τ(µν) and aµν = τ[µν] − λµν , as well as Eµν for the gravitational side of the field equations, we obtain
the linearized vacuum field equations
0 = Eµν = ∂
ρ
[
2(2F,1 − F,2)∂[νaρ]µ + (2F,2 + F,3)∂µaρν
]
+ 2∂ρ
[
(2F,1 + F,2)∂[ρsν]µ + F,3
(
ηµ[ν∂ρ]s
σ
σ − ∂σsσ[ρην]µ
)]
,
(21)
These are the equations we will use.
D. Polarization of gravitational waves
We now consider a plane wave of the form
sµν = Sµνe
iωu , aµν = Aµνe
iωu , (22)
with amplitudes Sµν and Aµν for a single Fourier mode of frequency ω. Here u = x
0−x3 is the retarded time. In the
Newman-Penrose basis (3) the relevant components of the linearized field equations (21) applied to this wave are
0 = Enn = (2F,1 + F,2 + F,3)s¨nl + 2F,3s¨mm¯ + (2F,1 + F,2 + F,3)a¨nl , (23a)
0 = Emn = Em¯n = (2F,1 + F,2)s¨ml + (2F,1 − F,2)a¨ml , (23b)
0 = Enm = Enm¯ = −F,3s¨ml + (2F,2 + F,3)a¨ml , (23c)
0 = Emm¯ = Em¯m = −F,3s¨ll , (23d)
0 = Eln = (2F,1 + F,2)s¨ll . (23e)
Recall that the metric perturbations are given by hµν = 2sµν . For the electric components (4) of the Riemann tensor
we thus find the following possibilities:
2F,1 + F,2 = F,3 = 0: None of the modes (4) is restricted by the linearized field equations. Theories satisfying
these conditions belong to the E(2) class II6, shown in blue in figure 1.
2F,1(F,2 +F,3) +F
2
,2 = 0 and 2F,1 +F,2 +F,3 6= 0: In this case the field equations enforce Ψ2 = 0, so that there
is no longitudinal mode. All other modes are unrestricted. Theories of this type belong to the E(2) class III5.
This case is represented by the green line in figure 1.
2F,1(F,2 + F,3) + F
2
,2 6= 0 and 2F,1 + F,2 + F,3 6= 0: From the field equations follows Ψ2 = Ψ3 = 0, while the
breathing mode Φ22 and tensor modes Ψ4 are unrestricted. This wave has the E(2) class N3. Almost all points
of the parameter space, shown in white in figure 1, belong to this class.
2F,1 + F,2 + F,3 = 0 and F,3 6= 0: The only mode which is allowed to be nonzero is given by the two tensor
polarizations Ψ4. The E(2) class of this wave is N2. This case is shown as a red line in figure 1. Note in
particular that TEGR, marked as a red point, belongs to this class.
The different E(2) classes are summarized in figure 1, where the radial coordinate ϑ and angular coordinate ϕ are
defined such that
F,1 = C sinϑ cosϕ , F,2 = C sinϑ sinϕ , F,3 = C cosϑ , (24)
where C =
√
F 2,1 + F
2
,2 + F
2
,3 is assumed to be nonzero.
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FIG. 1. Visualization of the parameter space.
IV. NON-METRICITY TELEPARALLEL GRAVITY
We now turn our focus to a class of symmetric teleparallel gravity theories extending the model shown in [15, 16],
in which gravity is mediated by the non-metricity. We discuss the dynamical fields in section IV A, action and field
equations in section IV B, linearized field equations in section IV C, and finally the gravitational wave polarizations
in section IV D. A full discussion of the speed and polarization of gravitational waves in the linearized theory is given
in [17].
A. Dynamical fields and geometry
We start our discussion of symmetric teleparallel gravity with an overview of the dynamical fields. These are given
by a Lorentzian metric gµν and an affine connection Γ
ρ
µν . The connection is assumed to be flat and symmetric, i.e.,
it has vanishing torsion and curvature,
T ρµν = 2Γ
ρ
[νµ] = 0 , ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρτµΓτ σν − ΓρτνΓτ σµ = 0 , (25)
but in general non-vanishing non-metricity
Qρµν = ∇ρgµν . (26)
It follows from the condition (25) that the affine connection must be of the form Γρµν = (Λ
−1)ρσ∂νΛσµ in order to
have vanishing curvature, where ∂[νΛ
σ
µ] = 0 to ensure the symmetry of the connection. We will henceforth assume
these two properties throughout this section.
6B. Action and field equations
We now derive the dynamics for the fields detailed above. The action we consider has a similar structure to the
action given in section III B and reads
S[g,Γ, χ] = Sg[g,Γ] + Sm[g, χ] , (27)
where we used χ once again to denote a set of matter fields. By variation of the matter action Sm with respect to the
metric we obtain the usual energy-momentum tensor
δθSm = −1
2
∫
M
Θµνδgµν
√−g d4x , (28)
where g denotes the determinant of the metric gµν .
The gravitational part Sg of the action we consider here takes the form
Sg[g,Γ] =
∫
M
F(Q1,Q2,Q3,Q4,Q5)
√−g d4x , (29)
where the Lagrangian is given by a free function F of the five scalar quantities
Q1 = QµνρQµνρ , Q2 = QµνρQρµν , Q3 = QρµµQρνν ,
Q4 = QµµρQννρ , Q5 = QµµρQρνν , (30)
which are quadratic in the non-metricity.
By variation of the total action (27) we obtain the field equations
κ2Θµν = −2
◦
∇ρ
(
F,1Qρµν + F,2Q(µν)ρ + F,3Qρσσgµν + F,4Qσσ(µδρν)
)
−
◦
∇ρ
[
F,5
(
Qσ
σρgµν + δ
ρ
(µQν)σ
σ
)]
+
1
2
Fgµν −F,3QµρρQνσσ
+ F,1
(
2QρσµQσρν −QµρσQνρσ − 2Qρσ(µQν)ρσ
)
+ F,2
(
QρσµQρσν −QµρσQνρσ −Qρσ(µQν)ρσ
)
+ F,4
[
Qρ
ρσ
(
Qσµν − 2Q(µν)σ
)
+QρρµQ
σ
σν −Qρρ(µQν)σσ
]
+
1
2
F,5
[
Qρσσ
(
Qρµν − 2Q(µν)ρ
)−QµρρQνσσ] ,
(31)
where we adapted our notation such as to denote
F,i = ∂F
∂Qi , i = 1, . . . , 5 . (32)
The second set of field equations is obtained by variation with respect to the flat, symmetric connection, where we
allow only variations of the form δΓρµν = ∇µ∇νυρ in order to preserve these two conditions. The resulting field
equations can be obtained from the metric field equations by taking their covariant divergence with respect to the
Levi-Civita covariant derivative
◦
∇.
C. Perturbation ansatz and linearized field equations
We now restrict ourselves to vacuum solutions, and henceforth assume Θµν = 0. For the background solution we
consider a Minkowski metric in the coincident gauge Γρµν = 0. The linear perturbation is thus given by
gµν = ηµν + hµν , Γ
ρ
µν = ∂µ∂νξ
ρ , (33)
where Γρµν is chosen such that the connection is flat and symmetric. We find that the non-metricity
Qρµν = ∂ρ(hµν − 2∂(µξν)) +O(2) (34)
7is of linear order in the perturbations and depends only on the quantities bµν = hµν − 2∂(µξν). It thus follows that
the quantities Qi are of quadratic order O(2). Performing a Taylor expansion
F = F|Qi=0 +O(2) = F +O(2) , F,i = F,i|Qi=0 +O(2) = F,i +O(2) (35)
of the Lagrangian function F , we thus see that only the constant background values F and F,i contribute to the
linearized field equations. Inserting the perturbation ansatz into the field equations (31) we obtain the zeroth order
equation Fηµν = 0. As in the torsion case we restrict ourselves to theories satisfying F = 0, and hence neglect the
presence of a cosmological constant. Denoting the gravitational side of the field equations by Eµν , the linearized
vacuum field equations can be written as
0 = 2F,1bµν + (F,2 + F,4)ηασ (∂α∂µbσν + ∂α∂νbσµ) + 2F,3ηµνητωbτω
+ F,5ηµνη
ωγηασ∂α∂ωbσγ + F,5η
ωσ∂µ∂νbωσ .
(36)
We can now use these equations to derive the gravitational wave solutions.
D. Polarization of gravitational waves
The gravitational wave we consider now is given by a single Fourier mode
bµν = Bµνe
iωu (37)
with amplitude Bµν and frequency ω, where u = x
0 − x3 again denotes the retarded time. Inserting this wave into
the linearized field equations (36) and expressing the components of Eµν in the Newman-Penrose basis (II) yield the
only non-vanishing and linearly independent equations
0 = Enn = 2F,5b¨mm¯ − 2(F,2 + F,4 + F,5)b¨ln , (38a)
0 = Enm = Enm¯ = −(F,2 + F,4)b¨lm , (38b)
0 = Emm¯ = F,5b¨ll , (38c)
0 = Eln = −(F,2 + F,4)b¨ll . (38d)
Depending on the coefficients F,i we then find the following possibilities for the allowed electric Riemann tensor
components (4):
F,2 +F,4 = F,5 = 0: In this case the linearized field equations are satisfied identically for an arbitrary plane null
wave and there are no restrictions on the allowed polarizations. Theories of this type belong to the E(2) class
II6, shown in blue in figure 2.
F,2 + F,4 = 0 and F,5 6= 0: The longitudinal mode Ψ2 is prohibited in this case, while the remaining modes are
unrestricted. This corresponds to the E(2) class III5, shown as a green line in figure 2.
F,2 + F,4 6= 0 and F,2 + F,4 + F,5 6= 0: The only allowed modes in this case are the breathing mode Φ22 and
the two tensor modes Ψ4, while the longitudinal mode Ψ2 and the two vector modes Ψ3 are prohibited. These
theories have the E(2) class N3, occupying most of the parameter space shown in figure 2 in white.
F,2 + F,4 + F,5 = 0 and F,5 6= 0: The only allowed polarizations are the two tensor modes Ψ2. These theories
belong to the E(2) class N2, shown as a red line in figure 2. This includes STEGR, marked as a red point.
We have summarized all possible E(2) classes in figure 2. The radial coordinate ϑ and angular coordinate ϕ are
defined via
F,2 = C sinϑ cosϕ , F,4 = C sinϑ sinϕ , F,5 = C cosϑ , (39)
where the normalization factor C =
√
F 2,2 + F
2
,4 + F
2
,5 is assumed to be nonzero. In the case C = 0 the linearized field
equations do not pose any restrictions on the gravitational wave polarizations, so that the E(2) class is II6.
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FIG. 2. Visualization of the parameter space.
V. CONCLUSION
We have derived the allowed polarizations of gravitational waves for two general classes of teleparallel gravity
theories, which are based on torsion and on non-metricity. Our results show that in both cases the theories can be
divided into four classes, depending on three coefficients in the Taylor expansion of their Lagrangians, corresponding
to the E(2) classes N2, N3, III5 and II6, where the subscript denotes the number of gravitational wave polarizations.
We remark that since we only considered the linearized field equations, any higher order terms in the Lagrangian do
not contribute to our result. Theories with higher order corrections terms are therefore indistinguishable from the ones
presented here. Another interesting aspect is the presence of regions in the parameter spaces of the investigated classes
of theories in which the E(2) class becomes N2 as in general relativity. Theories of this type are indistinguishable
from general relativity by observing their gravitational wave polarizations.
One possible extension of this work is to consider additional fields, such as one or multiple scalar fields, non-
minimally coupled to torsion [18–21] or to non-metricity [22, 23]. Another potential direction for future research is
to consider the propagation of gravitational waves on more general background geometries, such as a Friedmann-
Lemaˆıtre-Robertson-Walker metric, which is relevant for describing gravitational waves in expanding cosmologies.
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